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^ I We obtain exact rotating membrane solutions and explicit expressions for the con- 

^ ■ served charges on a manifold with exactly known metric of G2 holonomy in M-theory, 

^ ■ with four dimensional A/" = 1 gauge theory dual. After that, we investigate their semi- 



classical limits and derive different relations between the energy and the other conserved 
quantities, which is a step towards M-theory lift of the semiclassical string/gauge theory 
' correspondence for A/" = 1 field theories. 
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1 Introduction 
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Oh: 

^ ■ The paper pp by Gubser, Klebanov and Polyakov on the semiclassical limit of the string/ 

gauge theory duality initiated also an interest in the investigation of the M-theory lift of 
this semiclassical correspondence and in particular, in obtaining new membrane solutions 
^ I in curved space-times and relating their energy and other conserved charges to the dual 

' objects on the field theory side P]-|TU]. 

M2-brane configurations in AdS^ x space-time, with field theory dual 74jv-i(2,0) 
SOFT, have been considered in 0-P] and ^6jj. In |2j, rotating membrane solution in AdSi 
have been obtained. Rotating and boosted membrane configurations was investigated in 
inj. Multiwrapped circular membrane, pulsating in the radial direction of AdSj, has 
been considered in |3]. A number of new membrane solutions have been found in [0] 
and compared with the already known ones. Membrane configurations in AdS^ x S*^, 
AdS^ X Q^'^'^, warped AdS^ x and in 11-dimensional AdS-hlack hole backgrounds 
have been considered in [S].^ In [7j and [S], new membrane solutions in AdSp x S'^ have 
been also obtained, by using different type of membrane embedding.^ An approach for 
obtaining exact membrane solutions in general M-theory backgrounds, having field theory 
dual description has been proposed in P . As an application, several types of membrane 
solutions in AdS^ x S*^ background have been found. In a recent paper [TUj, p-branes in 

^See also HI] and 

^The same type of embedding was previously used in \1'6\ for obtaining new membrane solutions in 
flat space-time. 
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AdSo have been examined in two limits, where they exhibit partonic behavior. Namely, 
rotating branes with energy concentrated to cusp-like solitons and tensionless branes with 
energy distributed over singletonic bits on the Dirac hypercone. Evidence for a smooth 
transition from cusps to bits have been found. 

To our knowledge, the only paper devoted to rotating membranes on G2 manifolds 
is jH], where various membrane configurations on different G2 holonomy backgrounds 
have been studied systematically. In the semiclassical limit (large conserved charges), 
the following relations between the energy and the corresponding charge K have been 
obtained: E ~ K^/\ E ~ K^/^, E-K ^ K^'^, E-K ^\nK. 

Here, our approach will be different. Taking into account that only a small number 
of G2 holonomy metrics are known exactly, we choose to search for rotating membrane 
solutions on one of these metrics, namely, the one discovered in ^1]. In section 2, we 
describe the G2 holonomy background of |T3] and its reduction to type IIA string theory. 
In section 3, we settle the framework, which we will work in. In section 4, we obtain a 
number of exact rotating membrane solutions and the explicit expressions for the corre- 
sponding conserved charges. Then, we take the semiclassical limit and derive different 
energy-charge relations. They reproduce and generalize part of the results obtained in ^ , 
for the case of more than one conserved charges. Section 5 is devoted to our concluding 
remarks. 

2 The G2 holonomy background and its type IIA re- 
duction 

The background is a one-parameter family of G2 holonomy metrics (parameterized by ro), 
which play an important role as supergravity dual of the large limit of four dimensional 
jV = 1 supersymmetric Yang-Mills. These metrics describe the M theory lift of the super- 
gravity solution corresponding to a collection of D6-branes wrapping the supersymmetric 
three-cycle of the deformed conifold geometry for any value of the string coupling con- 
stant. The explicit expression for the metric with SU{2) x SU{2) x f/(l) x Z2 symmetry 
is given by ^3] 



7 



dsj 



(2.1) 



a=l 



with the following vielbeins 



e 



1 



D(r)(a3-S3) , 
5(r)(a2 + S2) , 
dr/C{r), 



e' = A{r)ia2-E2) , 
e^ = 5(r)(ai + Si) , 



(2.2) 



where 



A 




1 




1 



B 



2 



c 



(r-9ro/2)(r + 9ro/2) 
\ (r-3ro/2)(r + 3ro/2)' 



D = r/3, 



(2.3) 



and 



ai = sin ip sin 6 d(j) + cos ipdO, Si 
(72 = cos ip sin Odcf) — sin ipd6, S2 
as = cos 9d(p + dip, S3 



sin ^ sin 9d(j) + cos ipd9, 
cos ip sin Odcf) — sin ipd6, 
cos 6d(f) + dip. 



(2.4) 



This metric is Ricci flat and complete for r > 9ro/2. It has a G'2-structure given by the 
following covariantly constant three-form 



9r^ 

-TTreafec (cTq, A (if, A (Jc 
lb 



+ d 



r 



S, A Sb A S,) 
(ai A Si + (72 A S2) + y fr^ 



81r2 



(T3 A S3 



which guarantees the existence of a unique covariantly constant spinor 

The metric under consideration is a U{1) bundle over a six- dimensional manifold. The 
circle, parameterized by the vielbein e^, has its size at infinity set by ro, because C — 1 
when r ^ 00. Let us note that the size of the circle at infinity, determines the Type IIA 
string coupling constant [14 . For r 9ro/2, C — > and the circle shrinks to zero size. 

In order to obtain the behavior of the metric for r ^ 00 and r — > 9ro/2, one can 
rewrite it as follows 



rf4 = dr'/C' + A\{g'f + {g'f) + B\{g'f + {g'f) + D\g'f + ro C\g')\ 
where 

g^ = — sin Oidcpi — cos ipi sin 6*2^(^2 + sin ipid62, 

g^ = dOi — sin-j/'i sin 6*2(^02 — cosipid92, 
3 



(2.5) 
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— sin Oidcpi + cos ipi sin 92d(j)2 — sin ipid92, 
dOi + sin '?/'i sin 92d(j)2 + cos ipid62, 
dipi + cos 6*1^01 + cos 92d(p2, 
dip2 + cos 9id(j)i — cos 6^2 (i02- 



Then the asymptotic behavior of the metric at infinity is given by 

2 



ds'^ = dr'^ + 



i fc^V'l + E cos + ^ ^ ^ gjj^2 ^. 

y \ j=l / " i=l 



+ roig 
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This geometry is that of a U{1) bundle over the singular conifold metric with SU{3) 
holonomy. The base of the cone is described by the Einstein metric on the homogeneous 
space T^'^ = {SU{2) x SU{2))/U{1) where the U{1) is diagonally embedded along the 
Cartan generator of the S't/(2)'s. Therefore, at infinity the metric is topologically R+ x 
X S2 X si 
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In the interior, the metric is non-singular everywhere and near r = 9ro/2 it behaves 

as 



9 



ds' ~ dp' + -rl {g^ + + {g 



PL 

16 



where = 8ro(r — 9ro/2). Hence, there exist an of finite size and topologically the 
space becomes x S^. As far a.s A = D and B = C a.s r ^ 9ro/2, in the interior the 
metric has enhanced SU{2) x SU{2) x SU(2) x Z2 symmetry. It can be shown ^3], that 
the metric we get when r —>■ 9ro/2, is the previously known asymptotically conical metric 
of G*2 holonomy on the spin bundle over |15j-|17j. 

An interesting particular case is when the function C in ()2.5|) vanishes, and the metric 
of the resulting six- dimensional manifold is given by ^3] 



dsl 



de + A' ((Ti - Ei)2 + (cr2 - +B 



[ai + Ei)2 + (^2 + S2)' 



(2.6) 



dr = Cdt. 



We note that setting C = reduces the symmetry to SU (2) x SU (2) x Z2 which is precisely 
the symmetry of the deformed conifold. In this way, one recovers the known metric of 
SU{?>) holonomy on the deformed conifold geometry |18j. Actually, after appropriate 
change of the coordinates the metric ()2.6|) takes the form JH] 



dal = K(t\ 



dr' + {g 



5n2 



+ -sinh2 (r/2) [{g 



+ - cosh^ (r/2) [{g^ f 



4\2l 



ig' 



where 



[sinh(2r)/2 - r] 
sinh(r) 



1/3 



Asymptotically, this metric is also conical and the base of the cone is topologically x S^. 

The metric (|2.ip - (|2.4j) can be used to describe a four- dimensional vacuum of the type 
R^'^ X X7, where X7 is the G2 manifold, with four-dimensional Af = 1 supersymmetry. 
The metric under consideration has a U{1) isometry which acts by shifts on an angular 
coordinate. Hence, one can reduce it along this U{1) isometry to obtain a Type HA 
solution by using that 



dsli 



e-^'^/^dslo + e^'^'\dxii + C^dx^f 



where and are the Type HA dilaton and Ramond-Ramond one-form gauge field 
respectively. If we identify xn with '?/'2, the reduction to ten dimensions give the following 
Type HA solution 



rl/'c[dxl, + A' [(,T + 



3/4 



F2 = sin6'irf0i A d6'i 



sin 6 2d 



(gr + (gr 
)2 A de2. 



D'igr} 



,1/2 



dr'^ 
(2.7) 
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This solution describes a D6-brane wrapping the in the deformed conifold geometry. 
For r — i> oo, the Type IIA metric becomes that of a singular conifold, the dilaton is 
constant, and the flux is through the surrounding the wrapped D6-brane. For r — 
9ro/2 = e 0, the string coupling e'^ goes to zero like e4, whereas the curvature blows 
up as e~2 just like in the near horizon region of a fiat D6-brane. This means that classical 
supergravity is valid for sufficiently large radius. However, the singularity in the interior 
is the same as the one of flat D6 branes, as expected. On the other hand, the dilaton 
continuously decreases from a finite value at infinity to zero, so that for small tq classical 
string theory is valid everywhere. As explained in ^3], the global geometry is that of a 
warped product of fiat Minkowski space and a non-compact space, Yq, which for large 
radius is simply the conifold since the backreaction of the wrapped D6 brane becomes 
less and less important. However, in the interior, the backreaction induces changes on Yq 
away from the conifold geometry. For r 9ro/2, the shrinks to zero size, whereas an 
S'^ of finite size remains. This behavior is similar to that of the deformed conifold but 
the two metrics are different. If one mod out the initial eleven-dimensional metric by the 
following Z]s[ action [T3] 

Zn'- V'2 ^ V'2 + T^/N 

with fixed points located on the S^, then the size of the circle parameterized by il)2 goes to 
zero. As a result, the local geometry at r ^ 9ro/2 becomes singular, with A^r-i singularity 
fibered over S^, i.e. the so-called singular quotient jlOj, [21]. After compactification to 
Type IIA theory, it describes N coincident D6-branes wrapped on the supersymmetric 
of the deformed conifold. 



3 The approach 

In this section, we settle the framework, which we will work in. Actually, we will use the 
general approach developed in [H]. 

We start with the following membrane action 



S = j (fiC = I d^^ {^[Goo - ^X'Goj + X'X^Gij - (2A°T2)' det G 



2-D012 



,(3.1) 



where 



Gr, 



gMN{X)draX^^ dnX^ , Bqi2 = h M N p{X)dQX^^ diX'^ d2X^ , 

dm = d/dr, rn = (0, t) = (0, 1, 2), M = (0, 1, . . . , 10), 



are the fields induced on the membrane worldvolume. A™ are Lagrange multipliers, = 
X^(^) are the membrane embedding coordinates, and T2 is its tension. As shown in j22] 
the above action is classically equivalent to the Nambu-Goto type action 



S''"- = -T2 
and to the Polyakov type action 

=^(7'""a 



detG„„ - -e^^PdmX''dnX^dpX''bMNP 
b 



1 

3^ 



1) - -e'^'^PdrnX^d^X^d^X^b 



MNP 
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where 7"*" is the auxihary worldvolume metric and 7 = det7mn- In addition, the action 
()3.1|) gives a unified description for the tensile and tensionless membranes. 

The equations of motion for the Lagrange multiphers A"^ generate the constraints 

Goo - 2A^Goj + X'X^G^j + (2A°T2) ^ det = 0, (3.2) 
Goj - X'G,, = 0. (3.3) 

Further on, we will work in the worldvolume gauge A* = 0, A° = const in which the action 
()3.1|1 and the constraints ()3.2j] . ()3.3|1 simplify to 

Sgf = J d'^ {^[Goo - (2A°T2)' det G,,] + T^Bou] , (3.4) 

G00+ (2A°T2)'detG'i,- = 0, (3.5) 
Goi = 0. (3.6) 

Let us note that the action ()3.4|) and the constraints ()3.5p . ()3.6|) coincide with the usually 
used gauge fixed Polyakov type action and constraints after the following identification of 
the parameters (see for instance j3]) 

2A°T2 = L. 

Supposing that there exist a (non-fixed) number of commuting Killing vectors d/dx^, 
which leads to 

d^QMN = 0, d^hMNP = 0, (3.7) 

we will search for rotating membrane solutions in the framework of the following embed- 
ding {X^ = (X'^,X"), = constants) 

X'^(0 =X^(r,5,a) = A^C = A^r + A^5 + A^a, X'^iC) = Z^ia). (3.8) 

The above ansatz reduces the Lagrangian density in the action ()3.4|1 to {Z'"- = dZ°'/da) 



^ KMZ'^Z" + 2A,{g,b)Z"' -V{g,b) , (3.9) 



where 

Kabig) = - (2A°T2) A^Ai {gabgf„y - ga,^9bP 

Aa{g, h) = (2A°T2)' A^'A^A^ {g^^g.^ - g^.g,,) + 2A°T2A^A^6,^„ 

Vig, b) = -KK9,u + (2A°T2)' A^A^A^A^ {g^^g^,^ - g,^g,^) - AX'T^KKlkP.h,,,. 

does not depend on r and 5 because of ()3.7p and ()3.8p . 

Now, the constraints ()3.5|) and ()3.6p can be written in the form 

KabZ'^Z'^ + U = (3.10) 
A^A5'^^, = 0, (3.11) 
A^(^^,Z"^ + A2^(7^.) = 0, (3.12) 
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where U = V + 4A°A^p2^ and 



+ (2 A^Ts) ' A^A^A^ {g,,gp^ - g.^Oup) + 2X'T,A-^A%,p (3.13) 



are constants of the motion jnj. 

Due to the independence of C^{<j) on X^, the momenta 

P, = J d'^p^ =^ojj ^^^^ K'^M. + SA^TaA^^ (6^,,Z'" + A^6^,,)] (3.14) 

are conserved, i.e. they do not depend on the proper time r. 

In this article, we are interested in obtaining membrane solutions for which the condi- 
tions ()3.1ip . ()3.12|) and = constants are satisfied identically by an appropriate choice 
of the embedding parameters A(^.Then, the investigation of the membrane dynamics re- 
duces to the problem of solving the equations of motion following from ()3.9j) . which are 



KabZ'" + T^,bcZ"Z'' - 2d[aAf,]Z" + ^daU = 0, (3.15) 



where 



and the remaining constraint (|3.1Up . Finally, let us note that if the embedding is such 
that the background seen by the membrane depends on only one coordinate , then the 
constraint ()3.10|) is first integral of the equation of motion ()3.15p for X"(,^"^) = Z"(cr), 
and the general solution is given by jH] 

a{X'^) = a, + j^^ [—^) dx, (3.16) 

where (Tq and Xq are arbitrary constants. Namely this solution will be used in the next 
section in the following form 

"<^'°) = L r (3,17) 

min 

Also, the normalization condition 

27r= / da = 2 — dx (3.18) 



U 

will be imposed, which means that the two periods must be equal 
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4 Exact rotating membrane solutions and their semi- 
classical limits 



The M-theory background, which we will use from now on, has the form 



l^^dsli = —dt^ + 6jjdx^dx'^ + ds^ 



7' 



(4.1) 



where In is the eleven dimensional Planck length, {I,J=1,2,3) and ds^ is given in H2.1|) - (|2.4() . 
In other words, the background is direct product of flat, four dimensional space-time, and a 
seven dimensional G2 manifold. 

As already mentioned above, we will search for solutions, for which the background felt by 
the membrane depends on only one coordinate. This will be the radial coordinate r, i.e. the 
rotating membrane embedding along this coordinate has the form r = r{a). Then, according to 
our ansatz ()3.8|) . the remaining membrane coordinates, which are not fixed, will depend linearly 
on the worldvolume coordinates r, 5 and a. The membrane configurations considered below are 
all for which, we were able to obtain exact solutions under the described conditions. 



4.1 First type of membrane embedding 

Let us consider the following membrane configuration: 

1 



(Ao.Ai) 6 + (A0.A2) a], X' = Air + A((5 + A^a, 



ria 





X'^ 



X^ = 



A^t; (Ao.A,) = J/jA^A/. 



(4.2) 



It corresponds to membrane extended in the radial direction r, and rotating in the planes 
given by the angles 9 and 9. In addition, it is nontrivially spanned along X^ and X^ . The 
relations between the parameters in X^ and X^ guarantee that the equalities (|3.1H) . (|3.12|) 
and V'^ = constants are identically satisfied. At the same time, the membrane moves along 
t-coordinate with constant energy E, and along X^ with constant momenta Pj. In this case, 
the target space metric seen by the membrane becomes 



500 = 9tt — - 
9m = 9ee = 1 



nil 



9IJ = hl^IJ-, 544 = 5r 



569 = 9ee = -Ki A'{r) - B\r 
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C72(r)' 



599 = - hi 



A^{r)+B'^{r) 



(4.3) 



Therefore, in the notations introduced in (|3.8|) . we have ^ = (0,1,6,9) = {t,I,9,t 
The metric induced on the membrane worldvolume is 



r. 



Goo 
Gu 



/2 

ni 



2 a2 



\2 Tj2 



iiiMii, Gi2 = luMi2, G22 



M22 + 



J2 



Q2 



where 



(A,;.A, 



(Ap.Aj) (Aq.Aj 

(Ag)' 



A^ 



(4.4) 
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The constants of the motion "P^, introduced in H3.13() . are given by 



Vl = -^J^ [(^o.Ai) Mi2 - (A0.A2) Mn] , 

v'j = 2A°r|/fi (h{Mi2 - A2M11) , vl = vl = 0. 



(4.5) 



The Lagrangian ()3.9() takes the form 



4A0 



F = (2A^r2Z^i)^ det Mi, + (A0)2 - - {A^fA' - {A+fB 



\2 /l2 _ ^+^2^2 



Let us first consider the particular case when Aq = 0, i.e. 9 = 6. From the yet unsolved 
constraint 1)3. 1U() 

Krrr''^ + U = 0, U = V + A\^A'^Vl, 

one obtains the turning points of the effective one-dimensional periodic motion by solving the 
equation r' = 0. In the case under consideration, the result is 



3/, rmax = n = I \ 2JI + 



3uf, 



/2(A+)2 



1)<0, Z = 3ro/2, 



+ 1 > 3L 



where we have introduced the notation 



(2A°T2/ii)2 det Mij + (A0)2 - A^ + 4A°A^p2/^2^ 
(A[])2-A2-(2A0T2/ii)2detM,,-. 



(4.6) 



Applying the general formula (|3.17p . we obtain the following expression for the membrane 
solution (Ar = r — 31) 



Fg'^ { 1/2; -1/2, -1/2, 1/2, 1/2, 1/2; 3/2; 







hi 


[ U{t) \ 



dt 



I'll 



MnlAr 



1/2 



(ri-3/)(3/-r2). 
Ar Ar Ar Ar Ar 



2/ ' 4/ ' 6r 3/ - r2 ri - 31 



, (4.7) 



(5) 

where is a hypergeometric function of five variables. The definition and some properties of 

the hypergeometric functions Fj^\a; 61, . . . , 6„; c; zi, . . . , Zn) are given in Appendix A. 
The normalization condition l|3.18j) leads to (Ari = ri — 3/) 



27r = 2 



Fg'' { 1/2; -1/2, -1/2, 1/2, 1/2, 1/2; 3/2; ■ 



rri 




J3I 


[ Uit) \ 



1/2 



,^ 32A0r2/n (Mn/)i/2 

dt = ■ ^ X 



A^ (3/ - rs 



,1/2 



Ari Ari Ari Ari 



1 



16^A°r2/ii {Miilfl'^ 



(1/2; -1/2, -1/2, 1/2, 1/2, ;1 



2/ ' 4Z ' 6/ ' 3Z-r2^ 

Ari Ari Ari Ari 



2/ ' 4/ ' 6/ ' 3/-r2 



levrAOTa/ii (Mn/) 



1/2 



{31 - r2 



,1/2 



1 + 



An \ 1/2/ An \ 



21 



1 + 



^•i 
Al 



1 + 



An\-'/' 

6/ 



1 + 



Ari ^ 



xF],'^ ( 1/2; -1/2, -1/2,1/2,1/2,;!; 



1 _L ^ ' 1 I ^ ' 1 I _6L ' 1 _L 3;-r2 
An ^ An An An 



-1/2 



(4.8) 



Now, we can compute the conserved momenta on the obtained solution. According to (|3.14j) . 
they are: 



E 



-Po 



AnFj^^ ( 3/2; -1/2, -3/2, 1/2, 1/2, ; 2; ■ 



^ '11 aO 



AO 



2/2 

11 



AO 



Ao, 



(4.9) 



ttI 
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AO 



A 



rri 




ni 


[ U{t) \ 



1/2 



B'^{t)dt 



1/2 



Ari Ari Ari Ari 



21 



4^2^2/3^ (Mn/^^) 



3^l/2 



3 (3/ - ra 



,1/2 



-An 1 + 



An\^/' 

21 



1 + 



xF^^) ( 1/2; -1/2, -3/2, 1/2, 1/2,; 2; 



4/ 

An \ 3/2 

"IT 



6/ ' 3/-r2 



1 + 



Ari 



-1/2 



1 + 



Ari 
3/-r2 



1 J. JK. ' 1 ^ ' 1 _L _6L ' 1 _|_ 3i-r2 

^ + Ari ^ Ari Ari "SFf 



-1/2 



(4.10) 



Our next task is to find the relation between the energy E and the other conserved quantities 
P, Pq = Pq in the semiclassical limit (large conserved charges). This corresponds to ri — > oo, 
which in the present case leads to 3iio/[/2(AQ')2] — > oo. In this limit, the condition (|4.8|) reduces 
to 

A+ = 2V3A°^2/llMlY^ 
while the expression 1)4. lOj) for the momentum Pg, takes the form 

Pe = P, = V-3.^T2ll,MlC^r 

Combining these results with ()4.9() . one obtains 

[e^ (e^ - P2) - (27r2r2/?i)2 {(Al X A2)' E^ - [(Ai x A2) x P]^}}' (4.11) 
-{AV^TT^T^ll^fE^ [aIe^ - (Ai.P)2] P| = 0, (Al X A2), = sijKAiAf. 

This is fourth order algebraic equation for E'^. Its positive solutions give the explicit dependence 
of the energy on P and Pq: E'^ = E'^(P,P0). 

Let us consider a few particular cases. In the simplest case, when Aq = 0, i.e. P = 0, and 
A2 = cA{, which corresponds to the membrane embedding (see (|4.2jl ) 

X° = t = AE]r, = A{{6 + ca), X^ = r{a), = 9 = A^^t = = 6 = AIt, 

1)4.11(1 simplifies to 



E^ = aV3tt^T211i I Al I Pe. 



(4.12) 
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This is the relation E ~ K^^"^ obtained for G2-manifolds in 5 . If we impose only the conditions 
= 0, and A[ remain independent, (|4.11() gives 



= {2Tr^T2ll^f (Ai X Aif + AV^ir'^Tilfi \ Ai | Pe. 
Now, let us take Ag 7^ 0, Ag = cA(. Then, H4.11() reduces to 



(4.13) 



E' 



E^ - p2 



which is third order algebraic equation for E'^. If the three-dimensional vectors Ai and P are 
orthogonal to each other, i.e. (Ai.P) = 0, the above relation simplifies to 



= P2 + i^/3TT'^T2lli \A1\P0. 



(4.14) 



The obvious conclusion is that in the framework of a given embedding, one can obtain different 
relations between the energy and the other conserved charges, depending on the choice of the 
embedding parameters. 

Now, we will consider the general case, when Aq 7^ 0, i.e. 9^6. The turning points are 
given by 



3/, 



ri = I 



\ 



fc2 + 3 



+ 



3ul 



r2 



-I 



\ 



fc2 + 3 



4 Z2((A+)2 + (Ao-)2 
According to (|3.17|) . the solution for a{r) is 



Z2((A+)2 + (Ao-)2) ^\ 

(Ao+)^-(Ao)^ 
(Ao+)2 + (AoP 



G[0,1]. 



a{r) 



F^f^ (^1/2; -1/2, -1/2, 1/2, 1/2, 1/2; 3/2; 
The normalization condition 1)3. 18() reads 



rr 


\ Krr(t)-\ 


J3I 


[ U{t) \ 



1/2 



dt 



16X^T2lu 



MnlAr 



(A+)2 + (Ao)2]'/' 

Ar Ar Ar 



(ri - 3/) (3/ - ra) 
Ar 



1/2 



Ar 



2r Ar 6r 3/ - ra ri - 3/ 



.(4.15) 



(A+)2 + (Ao)2]'^'(3/-r2)^/2 
Fjf^ fl/2;-l/2,-l/2,l/2,l/2,;l; 



Ari Ari Ari Ari 



21 



4/ ' 6/ ' 31 



r2 



8AOT2/11 (Mul) 



1/2 



(A+)2 + (Ao)2]'^'(3/-r2)^/2 



21 



Al 



61 



F^^^ 1/2; -1/2, -1/2, 1/2, 1/2, ;1; 



1 



3/-r2 
1 1 



-1/2 



1 I 21 ' 1 I 4Z ' -, I 6« ' 1 I 31 -r2 



1. (4.16) 
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Computing the conserved momenta in accordance with H3.14() . one obtains the same expres- 
sions for E and P as in and 



AriF^^) ( 3/2; -1/2, -3/2, 1/2, 1/2, ; 2; 



47r2T2/fiA+ (Mn/3) 



1/2 



Ari Ari Ari Ari 



2/ ' 4/ ' 6Z ' 3Z 



?'2 



1/2 



(A+)2 + (Ao)2]'/'(3/-r2)^/2 



-1/2 



FjfM 1/2; -1/2, -3/2, 1/2, 1/2,; 2; 



1 



1 



1 1 



1 _l_ ^ ' 1 _L ^ ' 1 _L _6L ' 1 _L 3?-r2 
^ An An ^ An ^ ^ Ari 



(4.17) 



2 - ^e) = -T— 7TJ2 ;7r 

^ (A+)2 + (Ao)2 (3/-r2)i/^ 



F^^) (1/2; -3/2, -1/2, -1/2, 1/2, ;1; 



Ari Ari Ari Ari 



2/ ' 4Z ' 6/ ' 3/-r2 



87r2T2/3,Ao (Afii/5) 



1/2 



(Ao+)2 + (Ao)2]'^'(3Z-r2)^/2 
Ari \ 3/2/ Ari \ 1/2/ ArA^/V Ari 



-1/2 



F^^) (1/2; -3/2, -1/2, -1/2, 1/2, ; 1; ^ 



3/-r2. 
1 1 



1 



1 + _2L ' 1 + JM- ■ 1 + ' 1 _L 



4/ ' 



6« 



(4.18) 



An ' An ' An ^ ^ Ari 
Now, we go to the semiclassical hmit ri ^ oo. The normahzation condition (|4.16|) gives 



whereas 1)4. 17p and H4.18() take the form 

\{Pe^Pe) = 



^'"^ = 2V3A°^2^llMl/^ 



2T1.73 A±A#l/2„2 



^/37r2r2/fiA^M; 



11 ^0 



(A^)' + (Ao )^ 



3/2 ■ 



The above expressions, together with (|4.9|) . lead to the following connection between the energy 
and the conserved momenta 



(^2 _ p2) _ (2vr2T2/?i)2 {(Ai X A2)'ii;2 - [(Ai X A2) X P]2}} (4.19) 
-Q{2TT'^T2llifE'^ [A?F2 - (Ai.P)2] (p| + P|) = 0. 



^Actually, these expressions for E and P are always valid for the background we use in this paper. 



12 



Obviously, ()4.19|) is the generalization of H4.11() for the case Pq ^ Pg and for Pg = Pg coincides 
with it, as it should be. The particular cases H4.12() . H4.13() and (|4.14|1 now generalize to 

E"" = 2VQtt^T211i I Ai I (P| + Pff'^ , 

= (27r2r2/?i)2 (Ai X A2)' + 2V67r^T2l!, \ Ai \ (P^ + , 

^2 = p2 + 2V6TT^T2lli I Ai I (P| + PlY^^ . 

Finally, let us give the semiclassical limit of the membrane solution (|4.15|) , which is 

1/4 



(4.20) 





'32(47r2r2/?i)2 


Af^2 _ (A^.p)2" 




27^2 ( 




X Pg^ (^1/2; -1/2, 


-1/2, 1/2; 3/2;-- 




'32(47r2r2Z?i)2 


Af^2 _ (A^.p)2" 




27^2 1 





Ar Ar 
2/"'~ir' 

1/4 



Ar 



1 + 



Pg^ { 1; -1/2, -1/2, 1/2,; 3/2; 



21 



1 + 



41 



1 + 



Ar 

1 



(/Ar)i/2 

-1/2 

1 



1 + 



2i 



1 + ' 1 J 



6« 



(4.21) 



4.2 Second type of membrane embedding 

Let us consider membrane, which is extended along the radial direction r and rotates in the 
planes defined by the angles 9 and 9, with angular momenta Pg and Pq. Now we want to have 
nontrivial wrapping along and X^. The embedding parameters in X^ and X^ have to be 
chosen in such a way that the constraints (|3.1H) . (|3.12j) and the equalities V'^ = constants are 
identically satisfied. It turns out that the angular momenta Pg and Pq must be equal, and the 
constants of the motion V"^ are identically zero for this case. In addition, we want the membrane 
to move along X^ and X^ with constant energy E and constant momenta Pj respectively. All 
this leads to the following ansatz: 



X^ = t 
X^ = 9 



X' = Air, X^ EE r(a). 



9 = A^r + Al5 + A^cT, X^ = 9 = A^t - (A?5 + A^a) . (4.22) 

The background felt by the membrane is the same as in (|4.3|) , but the metric induced on the 
membrane worldvolume is different and is given by 



Coo 
G12 



/2 



(a: 



0\2 

oJ 



A^ 



(A, 



+ ^2^2 



Gn=4/^i(A5)2^2 



AllA^.A^A^, 



G 



22 



'11 



,.'2 



+ A{AlfA^ 



C2 



For the present case, the Lagrangian ()3.9() reduces to 



^^(-) = 4^ (^-^" 



V 



-[AX'T,l\,f{A\f^^, 



V = U = 1 



11 



i^l? - - (Ao+)'^' 
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The turning points of the effective one-dimensional periodic motion, obtained from the remaining 
constraint H3.1U|) 



Krrr'^ + y = 0, 



are given by 



3^ rmax = n = n 2W1 + 



+1 >3L 



r2 = -l\ 2J1 + 



1 1 < 0, vl = (A[|)2 - 



(4.23) 



Replacing the above expressions for K„ and V in (|3.17j) . we obtain the membrane solution: 



a{r) 



Ff ( 1/2; -1, -1/2, 1/2, 1/2; 3/2; -— , - — , 







J3I 


[ V{t) \ 



dt 



32A°r2^iiAf 



A+ [(ri-3/)(3/-r2) 
Ar Ar Ar Ar 



1/2 



2/ ' 4/ ' 3/ - r2 ri - 3/ 
The normalization condition (|3.18j) leads to the following relation between the parameters 

16A°T2/nA?/^/^ (3) / 1/21/2.1. ^''i ^'^i 
1^1/2,-1,-1/2,1/2,1,- — ,- — ,-^^ 



(4.24) 



A+ (3/ - r2) 
16A0r2/iiA6/3/2 ^ Ari 



(3« - r2 



,1/2 



2/ 



1 + 



Al 



xF^'M 1/2; -1,-1/2, 1/2,; 1; ^ 



3/-r2. 
1 



^ An An ^ An , 



-1/2 



1. 



(4.25) 



In the case under consideration, the conserved quantities are E, P and Pg = Pg. By using 1)3. 14() . 
we derive the following result for Pg = Pg 



Pft = P-a 



3(3/-r2^^/ 



87r2r2/fiA?Z5/2 / An 

-pr-Ari 1 H 

3(3/-r2)^/' V 



jj^AnF'^" (3/2; -1,-3/2, 1/2; 2; 
An \ 



Ari Ari Ari 



2/ 



1 + 



4Z 



1 + 



2/ ' 4/ ' 3/-r2 

An 



3/-r2 



xPg^ (^1/2; -1,-3/2, 1/2,; 2; 

In the semiclassical limit, (|4.25|) and (|4.26|) reduce to 

1/2 ^ „ levrTa/fiA? 



1 



1 



1 



1 _L 1 I 1 , 3l-r2 

An An ^ ~^ Ari ^ 



(4.26) 



.2 _ ^^.xOT.lnAl [(A0)2 - Al 



IT 



Pf> = P, 



^/3(A+ 



+ ^3 



(a: 



0\2 



3/2 



From here and (|4.9j) . one obtains the relation 

^2 = p2 + 35/3(2^j.^;3^^6)2/3p4/3_ 



(4.27) 
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In the particular case when P = 0, H4.27() coincides with the energy-charge relation E ~ K'^^^, 
first obtained for G2-nianifolds in 5 . For the given embedding H4.22[) . the semiclassical limit of 
the membrane solution (|4.24|) is as follows 



8.'/' ( '-^^Y' {fi^rf fS> (i/2: -1, -1/2;3/2; 



Svr 



xfJ,') ( 1; -1,-1/2; 3/2; 



1/3 



2tt 



V 9Pe ; 

2rr r3 a6 \ 2/3 



Ar Ar 



9Pe / 



o ^ xi/2 / Ar\ f Ar\i/2 



(4.28) 



1 



1 



1 + ^' 1 + 

J- -t- ^ Ar , 



4.3 Third type of membrane embedding 

Again, we want the membrane to move in the flat, four dimensional part of the eleven dimensional 
background metric (|4.1j) . with constant energy E and constant momenta P/. On the curved 
part of the metric, the membrane is extended along the radial coordinate r, rotates in the plane 
given by the angle ij^j^ = if) + ip, and is wrapped along the angular coordinate ip- = ^ — ip. This 
membrane configuration is given by 



V'+ = A+r, ^_ = Af 5 + A^a, V'i = V' ± 
In this case, the target space metric seen by the membrane is 



(4.29) 



500 = gtt = -^11, giJ = hl^IJi 544 = 5r 

5++ = /?i(|)'c2(r), g-=ll,D\). 



/2 

ni 



C2(r 



(4.30) 



Hence, in the notations introduced in (|3.8|) . we have = (0,/,+,—), a = 4 = r. Now, the 
metric induced on the membrane worldvolume is 



00 



-/2 



0\2 *2 



Gii = li^{iqYD\ Gi2 = liiK^2D\ G22 = lti 



J2 



(J2 



The constraints (|3.11j) . (|3.12|) are satisfied identically, and "P^ = 0. The Lagrangian dSini) takes 
the form 



J2 



V 



K„ = -(2A°r2/?iAf ^2 



El 

C2' 



V = U = 1 



11 



(a: 



- i^tr ; 3 



The turning points, obtained from 1)3. 1U() . read 



3/, 



ri = / 



\ 



1 + 



9^ 



> 3/, 



4Z2(A+)2 



15 



r2 



-I 



\ 



1 + 



1 



4/2 (aIP 

For the present embedding, we derive the following membrane solution 



a{r) 



[1/2; -1, -1, -1, 1/2, 1/2, 1/2; 3/2; 
The normalization condition H3.18() leads to 







J3I 


[ vit) \ 



.1/2 



dt 



(Ao+) 



^ 3 



1/2 



2^/5 Ar 



.1/2 



3 (ri - 3/) (3/ - ra) 



Ar Ar Ar Ar 



Ar 



X (4.31) 



Ar 



2/ ' 3/ 4/ ' er 3/ - r2 ri - 3^ 



A°T2/iiAr 



(Acr)^(f)^ 



nl/2 



2^/5 



nl/2 



3(3/ -rs) 



(4.32) 



F[f) (1/2; -1,-1, -1,1/2, 1/2; 1; 



2^/5 



Ari Ari Ari Ari 



An 



(AcT)^ (f ) 
ArA 



1 + 



21 



1 + 



1/2 
Ari 



21 

1/2 



3/ 



4/ 



6/ ' 3/-r2 



3(3/-r2) 
ArA 



1 + 



4/ 



1 + 



Ar_A-i/2 
6/ 



Ari 
3/-r2 



-1/2 



F^'M 1/2; -1,-1, -1,1/2, 1/2, ;1; 



1 



1 _L JL. ' 1 _L _3L ' 1 _i_ ^ ' 1 _i_ _6L ' 1 _i_ 3/-r2 
Ari Ari Ari Ari An 



1. 



The computation of the conserved momentum P+ = in accordance with 1)3. 14() gives 



^2T2/3^A+Ar 



(A^ 



\2 2i 



nl/2 



■4>+ 
2^f 



1/2 



AriFfj'M 3/2; -1,-1/2, 1/2; 2; 



33 (3/-r2)_ 

Ari ^fi Ari 



(4.33) 



3/ 



6/ 3/-r2 



7r2T2/fiA+Ar 



1/2 



25/7 



.1/2 



33 (3/ - r2) 



(A^)^(f)'- 
F^fM 1/2; -1,-1/2, 1/2; 2; 



1 + 



_3L 

Ari 



An \ 


-1/2 

X 


3/-r2y 


1 


1 


1 + 

+ An 


1 I 3l-r2 
^ An 



Let us note that for the embedding 1)4. 29() . the momentum is zero. 

Going to the semiclassical limit ri ^ 00, which in the case under consideration leads to 
9z;g/[4/2(A([)2] 1_, one obtains that KTIii and (lOHl) reduce to 

3/2 



Ad- 



1 



9vl 



4/2(A+)^ 



2A0T2/iiAr/, P4 



25/2vr2r2/3,Ar/3 



9 



9.2 



3/2 ■ 



4/2 (A+) 
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These two equalities, together with ()4.9() . give the following relation between the energy and the 
conserved momenta 



In the particular case when P = 0, ()4.34|) can be rewritten as 

3 



(4.34) 



E 



1 



4\/27r2r2/fiAf/3 



2/3 



9P4- 



Expanding the square root and neglecting the higher order terms, one derives energy-charge 
relation of the type E — K ^ K^/^, first found for backgrounds of G2-holonomy in 
Now, let us write down the semiclassical limit of our membrane solution (|4.3H1 : 



7/5 



(^sci{r) 



^^T2/fiA^ 2' I 



1/2 



33 



(4.35) 



ArV2F^^) (1/2; -1,-1, -1,1/2; 3/2; 



Ar 



Ar Ar Ar Ar 

^'~"3r'~ir'~"6r 



33 



21 



Ar 



ArV2 1 + ^ 1 + ^ 1 + ^ 1 + ^ 



3/ 



Ar 



1; -1,-1, -1,1/2; 3/2; 



4/ 
1 



Ar\-i/2 



Ar Ar Ar Ar , 



4.4 Forth type of membrane embedding 

Let us consider membrane configuration given by the following ansatz: 

- ^ - ' 4 [(Ao-Ai) + (A0.A2) a], X' = Air + A(<5 + A^a, 

V^+ = A+T, tP-=AoT, ilj± = i;±i;. (4.36) 



X^^t = A^r + 



r (T 



It is analogous to 1)4. 2|) , but now the rotations are in the planes defined by the angles 'tp± = il^zizip 
instead of 6 and 6. 

The background felt by the membrane is as given in ()4.3U() . However, the metric induced on 
the membrane worldvolume is different and it is the following 



Goo 
Gil 



11 



(AS)^-Ag-(A+)2(|) C'-{A,fD' 



G 



12 



InMu, G 



22 



/2 



M22 + 



J2 



(J2 



where Mij are defined in 1)4.4(1 . The constraints (|3.11|) . (|3.12() are identically satisfied, and the 
constants of the motion Vf^ are given by ()4.5|) . The Lagrangian (|3.9|) now takes the form 



V = {2X'T2liiYdeiMij + li^ 



Kr 



-{2X'T,ll,^^^'' 



C2 ' 

2/^2 
3 



C2 - {A^fD' 
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Let us first consider the particular case when Aq = 0, i.e. ip = ^. The turning points 
obtained from the constraint ()3.1U|) now are 



31, r„ 



\ 



1 + 



9«2 



> 2,1, r2 



-I 



4^2 (A+) 



1 + 



9«| 



<o, 



4^2 {A+) 



TT2 



where Uq is introduced in (|4.6)) . By using (|.S.17|) . one arrives at the following membrane solution 



(T r 



rr 


\ Krr{t)-\ 


J3I 


[ U{t) \ 



1/2 



dt 



2X^Tol 



2'11 



(Ao^)^(f)^ 



1/2 



.1/2 



3(ri-3/)(3/-r2) 



(4.37) 



xF^') ( 1/2; -1, -1, 1/2, 1/2, 1/2; 3/2; 



Ar Ar Ar 



Ar 



Ar 



2/ ' 4r 6/ ' 3/ - r2 ri - 3/ 



The normalization condition 1)3. 18() now gives 



2*11 



nl/2 



27/3Af 



11 



nl/2 



(1/2; -1,-1, 1/2, 1/2; 1; 



3(3/-r2) 

Ari Ari Ari Ari 



(4.38) 



21 



4/ ' 6/ ' 3/-r2 



A0r2Zn 



1 + 



Pj^^ [ 1/2; -1,-1, 1/2, 1/2, ;1; 



^2 21 



Ari\ 

~2r 



1 + 



nl/2 

I 
) 

Ari\ 



2'^l^Mu 
3(3/-r2) 



1/2 



1 + 



AriV 
6/ J 



-1/2 



1 + 



Ari 
3/-r2 



-1/2 



1 



1 _L _2L ' 1 _L ^ ' 1 _L _6L ' 1 _i_ 3<-r2 
An An An ^ Ari 



1. 



In accordance with 1)3.14(1 . we derive for the conserved momentum P+ = P^^ the expression 
(P_ = P^_ = as a consequence of Aq = 0): 

1/2 



(A^) 



2 / 21 



Un 



1/2 



AriFgM3/2;-l/2,l/2;2; 



2^l^Mn 
33 (3/ - ra) 

Ari Ari 



vr2T2/?iAo+ 



(Ao^)^(f)^ 



1/2 



6/ ' 3/-r2 
2^/5 Mil 



Pg^ I 1/2; -1/2, 1/2; 2; 



33 (3/ - r2) 
1 



/ An \ 1/2 



1 + 



Ari 
3Z -r2 



-1/2 



^ An ^ An 



(4.39) 



In the semiclassical limit, (|4.38p and (|4.39l) simplify to 



7^A^ 



9ui 



4/2(A+)^ 



3 72 ,W2 



23/^3A0T2/llM,Y^ P, = f /'-^^^^i^'^n 



9»g 



4Z2(A^ 
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Taking also into account (j4.9p . we obtain the following fourth order algebraic equation for 
as a function of P and 



{e' 



^2 _ p2 _ (3//)2p2 



{27T^T2l''uf {{Ai X A2fE^ - [(Ai x A2) x P]'}}' 



Pi = 0. 



-2^(37rT2/?i)2^2 ^2^2 _ (Ai.p)2 

Let us consider a few simple cases. When Aq = and A2 = cA(, (|4.4()|) reduces to 

= {3/lfPl + 2^/23^2^2/?! I Ai I P+, 



(4.40) 



(4.41) 



or 



I +V 3P+ 

Expanding the square root and neglecting the higher order terms, one derives energy-charge 
relation of the type E — K ^ const. If we impose only the conditions Aq = 0, (|4.4U|1 gives 

E^ = {2TT^T2fiuf (Ai X As)^ + (3/1)^ Pi + 2^/H^T2ll^ \ Ai | P+. (4.42) 

If we take A^ / 0, A^ = cA(, (|^^ simplifies to 



E' 



E' 



(3/O^P+l - 2' {'i^T2llif AIpI \ + 2\?,TTT2llif (Ai.P)2 Pl = Q 



which is third order algebraic equation for E"^. Suppose that Ai and P are orthogonal to each 
other, i.e. (Ai.P) = 0. Then, the above relation becomes 



E' 



{3/lfPl + 2^/23^2^2/?! I Ai I P4 



(4.43) 



Finally, we give the semiclassical limit of the membrane solution (|4.37)) 



'4/\ 3/2 

ascl{r)=2Tr^T2ll^{jj 



xF^,') (1/2; -1,-1, 1/2; 3/2; 



A 



1 



(Ai.P)^ 



1 1/2 ^^1/2 



1 ^2 
Ar Ar Ar 
~2l'~^'~~6r 



xPg^ (l; -1,-1, 1/2; 3/2; 



1 



A? - ^ (Ai.P)^ 



1/2 ArV2 



Ar 



Ar 



Ar\-V2 



1 



1 



1 + ^' 1 + JL' 1 + ^ 



Now, we turn to the case Ag 7^ 0, when the solutions of the equation r' = are 



31 



mm — 5 ' max 



ri 



V2 



Vl + u"^ - A2 



1 + Wi 



4(u2 - 9A2) 



(1+m2_ A2)2^ 



I 



r2 = -^Vl + - A2 
v2 



1 



1-A 1 



4(^2 - 9A2) 



(l + n2-A2)2^ 
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^3 



r4 



/An 



Vl + tX^ - A2 



+ «2 _ A2 



1 + Wl 



4(^2 - 9A2) 

(1 + 7/2 - A2)2 ■ 

4(^2 _ 9A2) 

(1+U2- A2)2^ 



2^ 

. A, 







Correspondingly, we obtain the following solution for cr(r): 



rr 


\ Krr{t)-\ 




[ U{t) \ 



.1/2 



dt 



2fll 



An 



2^3PMuAr 



1/2 



F'^> (1/2; -1, -1, 1/2, 1/2, 1/2, 1/2, 1/2; 3/2; 

Ar Ar Ar Ar Ar Ar 

_ _ 



(ri-30 (31 -r2) (3i - rg) (3l-r4)_ 
Ar 



(4.44) 



4r 6r 3Z - r2 3/ - rg ' 3Z - r4 ri - 3/ 
For the normalization condition, we derive the result 

1/2 



^0 



{31 - r2) (3/ - rg) (3/ - 



X 



(4.45) 



(1/2; -1,-1, 1/2, 1/2, 1/2, 1/2; 1; 



Ari Ari Ari Ari 



Ari 



Ari 



2/ ' 4/ ' 6Z ' 31 -r2' 3/-r3' 3Z - r4 



2^11 



An 



1 + 



2'^3/3Mi 



11 



(3/ - r2) (3/ - ra) (3/ - r4) 



1/2 



Ar 



Ar 



3/ - 7-2 



1 + 



Ar 



SZ-rs 



-1/2 



1 + 



2/ 

Ar 
31 — r4 



Ar 



1 + -Tr 1 + ^ 1 + ^ 



41 



Ar\-V2 



6/ 



-1/2 



F^^) (1/2; -1,-1, 1/2, 1/2, 1/2, 1/2; 1; 



An An An An ^ An An . 

The computation of the conserved quantities P+ and P_ gives 



1. 



A+ 

/<f - TT -t2tll — 
An 



11 



Pj^^ (3/2; -1/2, 1/2, 1/2, 1/2; 2; 



3 (3Z - r2) (3Z - rg) (3Z - r4) 

Ari ^^^1 



1/2 



Ari X 
An 



(4.46) 



Ari 



An+ 



25^5M- 



11 



3 (3/ - r2) (3/ - rs) (3/ - r4) 
An 



61 ' 31 — r2 ' 3/ — ra ' 31 — 
ni/2 

X 



1 + 



3Z-r2 

^i^^ I 1/2; -1/2, 1/2, 1/2, 1/2; 2; 



1/2 / An 
1 + 



3Z-r3 
1 



-1/2 



1 + 



An 



31 — r4 
1 



-1/2 



1 I 61 ' 1 I 3l-r2 ' 1 I 3^— T-3 ' 1 I 3/-r-4 
An An An An 
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F^iP (1/2; -1, -2, -1, 1/2, 1/2, 1/2, 1/2; 1; 



2^3fM 



11 



.1/2 



(3/ _ (3/ - rg) (3/ - r4) 



(4.47) 



Ari Ari Ari Ari Ari 



Ari 



Ari 



2/ 



31 



2rp ,3 

11 



4/ ' 6/ ' 3/-r2' 3/-r3' 3/ - r4 
2'^3/'^M 



11 



(3/ - r2) (3/ - n) (3/ - r4) 



1/2 



1 + 

1 + 

.(7) 



Ari 

Ari 
3/-r2 



-1/2 ^ An \ -1/2 



3Z-r3 



1 + 



AriA-^/' 

Ari 
3/ — r4 



X 

-1/2 



F\;> (1/2; -1, -2, -1, 1/2, 1/2, 1/2, 1/2; 1; 
11111 



-. , 21 ' 1 I ' 1 j_ ' 1 I _6«_ ' 1 j_ 3l-r2 ' 1 I 3l-rs ' i , 3;-r4 I ' 

An An An ^ An ^ Ari Ari Ari / 



Let us now take the semiclassical limit ri 00. In this hmit, (|4.45j) . (|4.4Hj) and (|4.47)1 
reduce correspondingly to 



Ao =3A°T2/iiMiY', 



D 



-vr2r2/?i/2Mif ^, 
3 ^ " Aq ' 



3no \ _ 



These equalities, together with (j4.9j) . lead to the following relation between the energy E and 
the conserved charges P, P+ and P_: 



_p2 



{6TT^T2llifE'^ K{E' - (Ai.P 



(3/20'P^] - (2^2^2/3^)2 |(^^ ^ ^^)2^2 _ ^ ^ p]2|y 



2 7712 



Pi = 0. 



(4.48) 



We remind the reader that the above relation is only valid for P ^ 0, whereas we can always 
set P or P+ equal to zero. Below, we give a few simple solutions of (|4.48j) . 
Choosing Aq = and Ag = cAj, one obtains 



E'^ = (3/2/)2p2 j_ Qn^T2lli I Ai I 



2rp /3 



(4.49) 



which can be rewritten as 



Expanding the square root and neglecting the higher order terms, one arrives at 



E 



21 



P+ + 2TT^T2fiul I Ai 



21 



If only the conditions Aq = are imposed, H4.48() gives 

= (27r2r2/?i)2 (Ai X A2)^ + (3/20^^^ + evr^Ta/fi | Ai | P_. (4.50) 
If we choose Aq 7^ 0, A2 = cA{, then (|4.48j) simphfies to a third order algebraic equation for E"^ 



E' 



E' 



(3/2/)2p2 



3 \2 



^2 d2 



If (Ai.P) = 0, the above relation reduces to 

= p2 + (3/2/)2p2 _^ evr^Ts^fi I Ai I P_. (4.51) 
Finally, let us write down the semiclassical limit of the membrane solution (|4.44l) : 



xF^,') (1/2; -1,1, -1,1/2; 3/2; 



'2VT2^^ 
34p_ 



1/2 , 



1 



A?--^(Ai.P)2 



nl/4 



ArV2 
Ar Ar Ar Ar 



1/2 , 



34p_ 



A? - (Ai.P)2 



2r 3/ ' ii 

nl/4 



6/ 



X Ar 



Ar 



^/Mi + ^ 1 + ^ 
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Ar 



3/ 



-1 



Ar 



4/ 



1 + ^1 + ^ 



Ar\-i/2 



61 



F^^'Ml; -1,1, -1,1/2; 3/2; 



■■^ Ar ^ "'" Ar A r -"^ Ar , 



Concluding this section, we note that more membrane solutions are given in Appendix B. 
The reason is that although different, they exhibit the same semiclassical behavior as some of 
the solutions described here. Namely, they lead to the same dependence of the energy on the 
conserved charges in this limit. 



5 Concluding remarks 

In this paper, we considered the membrane dynamics on a manifold with exactly known metric 
of G2-holonomy in M-theory. More precisely, we obtained exact rotating membrane solutions 
and explicit expressions for the energy E and the other momenta (charges), which are conserved 
due to the presence of background isometries. They were given in terms of the hyper geometric 
functions of many variables F^"^(a; bi, . . . ,bn',c] zi, . . . , Zn), where for the different membrane 
configurations considered, n varies from two to seven. 

In connection with the dual four dimensional M = 1 gauge theory, we investigated the 
semiclassical limit of the conserved quantities and received different types of relations between 
them. In particular, we reproduced the energy-charge relations E ~ K^^'^, E ~ ii'^/s g^j^^j 
E — K /^i/3^ f^j.gl^ found for rotating membranes on backgrounds of G2-holonomy in this 
limit in [S]. Moreover, we found examples of more complicated dependence of the energy on 
the charges. The most general cases considered, lead to algebraic equations of third or even 
forth order for the E"^ as a function of up to five conserved momenta. Presumably, these may 
correspond to operators of more general type in the dual field theory. Also, they could be 
connected with the lack of conformal invariance. 
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As already observed in ^ for rotating membranes on G2 manifolds, one may have the same 
energy-charge relations in the limits of small and large charges. Such are 

Let us give an example, which confirms this observation. For large charges, according to 
H4.12() . the following equality holds: 

Ei = 2{V3n'T,ll\A,\)y\Pl,)'/\ 

On the other hand, taking the small charge limit in the expression (|4.1U|1 for Pg, which corre- 
sponds to Ari 0, one obtains the relation 

S, = 2(27r2r2/?i|Ai|)i/2(P|)i/2. 

Hence, in both cases, we have the same E ~ K^^"^ behavior. As a consequence, the ratio of the 
two energies is given by: 

Here, we did not investigate the limit of small conserved charges. However, the exact expres- 
sions for all quantities which we are interested in, are written in two forms: one appropriate for 
considering the large charges limit, and the other - for small ones. That is why, the last limit 
can be always done. 

For comparison, we now give the known results about the different energy-charge relations 
in the semiclassical limit, for membranes moving on other curved M-theory backgrounds. So 
far, such relations have been obtained for the following target spaces: AdSp x 5"^, AdS^ x Q^'^'^, 
warped AdS^ x and 11-dimensional ^dS'-black hole 13, 0, 0, 0-1113 • If we denote the 
conserved angular momentum on the AdS-'pait of the metric with S and on the other part with 
J, the known expressions for E{S^ J) are as follows. 

1. On the AdSp x S'^ backgrounds 0, 0, 0, |Hl-[in] 

t2 a 

E-Sr^S^/\ E - S = CiS^/^ + C2-;rj:. + . . . , S-5~ln-, 

d 

E=J+..., E - CiJ = ^ CabJaJb + ■ ■ ■ , E = CiS + C2j'^. 

a, 6=1 

2. On the AdS^ x Q^'^-^ background 

E-Sr^ In-, E = J + .... 

c 

3. On the warped AdS^ x background [3] 

^-5~ln-, E-J = c + .... 

c 

4. On the 11-dimensional AdS-hlack hole background [3] 

E-cS ^ S^. 

It seems to us that an interesting task is to find rotating string configurations in type 
HA theory in ten dimensions, which reproduce the energy-charge relations obtained here, for 
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rotating membranes on an eleven dimensional background with G2 holonomy. This problem is 
under investigation and now we give an example of such string solution. 

As explained in section 2, the reduction to ten dimensions of the M-theory background (|4.1|) 
is given by ()2.7() . which describes a D6-brane wrapping the S'^ in the deformed conifold geometry. 
Let us consider the following string embedding in (|2.7p : 

xO = A[]t, X' = AiT, r = r{a), = A^V, ^2 = A^V, 4,^ = c/)^ = cj,2 = 0. 

This ansatz corresponds to string, which is extended along the radial direction r, rotates in the 
planes defined by the angles 61 and 62 with angular momenta Pg-^ and Pq^ , and moves along 
and with constant energy E and constant momenta Pj respectively. It can be shown that 
for large conserved charges, the dependence of the energy E on Pj, Pq^ and Pq^ is 

^2 = p2 + const (Pl + Pl)^'^ . 

Thus, this string configuration has the same semiclassical behavior as the membrane in (|4.2n)) . 

To our knowledge, none of the energy-charge relations obtained here for membranes moving 
on a G2 manifold correspond to usual relations, coming from operators in the dual N = 1 gauge 
theory. The most plausible explanation is that the Kaluza-Klein modes are not fully decoupled 
from the pure SYM theory excitations. In this respect, a good idea for exploration of the problem 
is the one proposed in In this article, the SL(3,R) deformations of a type IIB background 
based on D5-branes that is conjectured to be dual to = 1 SYM are studied. It is argued 
that this deformation only affects the Kaluza-Klein sector of the dual field theory and helps 
decoupling the Kaluza-Klein dynamics from the pure gauge dynamics. Recently, evidences for 
the above prediction have been given in [23|. In this paper, semiclassical strings on the deformed 
Maldacena-Nunez background [25j are studied and the results are compared with those obtained 
previously for the undeformed case jJH]. It was observed there that the string energies increase 
due to the deformation, which is interpreted as a proof for better decoupling of the Kaluza- 
Klein modes in the deformed theory. This is in accordance with |22], where it was conjectured 
that the sectors in which the deformation is decoupled, should correspond to pure gauge theory 
effects. As an additional evidence for the above idea, the authors of [22] consider a particular 
string configuration, for which the string energy is independent of the deformation. The articles 
P5) and give us the line for further investigations in this direction. First, by performing 
TsT transformation [201, one obtains the deformed eleven dimensional background. Second, 
find rotating membrane solutions in this new background. Third, compare the energies of the 
membranes moving on the original and on the deformed backgrounds and so on. The same could 
be done for strings in type IIA theory in ten dimensions, which reproduce the energy-charge 
relations obtained for rotating membranes. Then, a natural question is whether the dimensional 
reduction and the deformation commute? We hope to be able to report our results on these 
problems soon. 
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A Hypergeometric functions 



n] 



D 



(n) 

Here, we give some properties of the hypergeometric functions of many variables Ffj used in 
our calculations. By definition ^23,, for \zj\ < 1, 



, bfi', C] Zi , . . . , Zn) — ^ ^ 

fcl,...,fc„=0 



(a)fc,+...+fc„(6i)fci . . . (6„)fc„ 2:^ . . . z: 



{c)ki+...+k„ 



ki\...kj' 



where 



(«)a 



r(a + k) 



and r(z) is the Euler's F-function. In particular, Fl^\a; b; c; z) = 2Fi{a,b; c; z) is the Gauss' 

(2) 

hypergeometric function, and (a; 61,62; c; 2:1,2:2) = ^2; c; 21, 22) is one of the hyper- 

geometric functions of two variables. 



3. 



{a;bi, . . . ,bi, . . . ,bj, . . . ,un, 



6?! ) C, 2i , . . . , 2j , . . . , 2j , . . . , Z-ii ) 
Fd (Q") 61 , . . . , 6jr' , . . . , 6j , . . . , 6j2, C, 2i , . . . , 2j , . . . , 2j , . . . , 2ji) . 

Fl^\a;bi, . . . , 6n; c; 21, . . . ,2n) = 

Tpin) I ^ 1^ ^ _ 21 Z. 



i=l 



a; 61,... ,6„;c; 



21 -r 



1 



F}j'{a; 61, . . . ,bi-i,bi,bi+i, ...,bn;c; 21, . . . ,2i_i, 1,2^ 



I 2n) 





r(c-a)r(c 


-b;r- '^^ 


4. 


Fi"^(a;6i,.. 


■ , 6j-i, 6j, 6j+i 




F(,"-i)(a;6i, 


. . . , 6i_i, 6j+i, 


5. 


Fi;'\a;b,,.. 


• , 6j_i, 0, 6i+i, 




Ft'\^-M, 


. . . , 6j_i, 6i+i, 


6. 


Fi;'\a;b,,.. 


. ,bi, . . . ,bj , . . 




Ft'\a-M, 


...,bi + bj,.. 


7. 


F^J-+'\a;a 


- c + 1,62,62, 



8. 



I 6n , C, 2i , 



) 2j, 

\ Zn 



) Zn) — 

• • , 22n, — 22n) 



r(a/2)r(c) ^(n). ^_ _ „/^_2 ^2 



p{2n+l) _ ^. ^ _ g _^ -j^^ _ _ _ ^ ^^^^ ^2^. p. 

22 22 22n 22n 



1/2: 



1 - 22 ' 1 + 22 ' " ' 

r(a/2)r(c) ^(„) 



2'=-'^r(a)r(c-a/2) 



D 



1 - 22„ ' 1 + 22„ 



c - a;62, . . . ,62n;c - a/2; 



^2n 



1 ^2 1 ^2n, 



K /, ^ p /a/2,(a + l)/2,6 

F^ (a;6,6;c;2,-2)=3F2( 
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B More solutions 



Here, we give other exact rotating membrane solutions and explicit expressions for the corre- 
sponding conserved quantities, which lead to the same dependence of the energy on the charges 
in the semiclassical limit, as part of those described in section 4. 



B.l Fifth type of membrane embedding 

Now, consider membrane, which moves with constant energy E and momenta Pi and is extended 
along the radial direction r. Also, it rotates in the plane defined by the angle = (p + (j). In 
addition, the membrane is wrapped along the angular coordinates ip = ip and <j)- = (p — (p. This 
configuration corresponds to the following ansatz, for which the constraints (|3.12|) are 

identically satisfied, and = ^: 

X^ = t = A[]t, = A^r, = r( 



0- 



,p = iP = Af{6- 



A, 

a; 



A^6 + A2 a, 



■'+ - ^»-o ' ' 



A+t; 



•±6. 



The background felt by the membrane in this case, as well as in all other cases considered below, 
is 



500 = 9tt 



-III-, giJ = ^ii^iJ, 544 = ffr 



/2 

ni 
C2(r) 



/4/\ 2 

Therefore, in the notations introduced in H3.8() . we have /i = (0, 1, ■0, — , +), a = 4 = r. The 
Lagrangian (|3.9|) takes the form 



V = u = 1 



11 



Krr = —{2}^T2l\i)^ 

(A^)^ -K- iKfB'' 



4/ 



The turning points defined by r' = coincide with those given in H4.23(l . The solution (|3.17|1 
now reads 



(j(r) 

p{5) 





\ Krr{t)l 


J3I 


[ U{t) \ 



• \- 

dt = AX^T2lii-^ 
AT, 



Ul=i (3/ - w^) 
(n - 3/) (3/ - ra) 



1/2 



F},'> (1/2; 1/2, 1/2, -1/2, -1/2, -1/2; 3/2; 

Ar Ar Ar Ar Ar 



3Z — r2 ' n — 3/' 31 — wi^ 3/ — ^2 ' 3/ — W3 



where WaiAf) (a = 1,2,3) are the zeros of the polynomial 



- It' - I' 



8AT 
, V3 



1-3 



8Af 
V3 



{t - Wi){t - W2){t - W3). 



This is also true for all other embeddings further considered. 
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The normalization condition H3.18() leads to 



3/-r2 



1/2 



F^'^) (1/2; 1/2, -1/2,-1/2,-1/2;!; 



Ari 



Ari Ari 



An 



3? — r2 ' 3/ — ' 3/ — ' 3/ — t^s 



2A°r2/ii-47 



3/-r2 



1/2 



1 + 



Ari A^'/'t^ 



F^^) 1/2; 1/2, -1/2, -1/2, -1/2; 1; 



3/-r2 
1 



a=l 



n 1+ 



1 



3/ — Wo 
1 



1 



1 + 



3^— r2 ' -j^ _j_ 31— wi ' 1 _|_ 3Z— M>2 ' -| _|_ 3/— U13 



1. 



At-i 



At-i 



1 + 



Ari 



1 + 



Ari 



In accordance with (|3.14|) . we derive the following expression for the conserved momentum 



P+ = -TT J2tll^M 



P'g^ [ 3/2; -1, 1/2, -1/2, -1/2, -1/2; 2; 



3/-r2 



1/2 



Ari X 
Ari ■^''1 



Ari 



Ari 



Ari 



4/ ' 3/ — r2 ' 3/ — t^i ' 3/ — ^2 ' 2>l — W3 



Ul=l (3Z - Wa) 



nl/2 



3/-r2 



xAri 1 + 



An\ 
4/ 



1 + 



Ari 



3/-r2 

xF^f) (1/2; -1, 1/2, -1/2, -1/2, -1/2; 2; 
1111 



3/ — 



1 + ^' 1 + ^' 1 + ^^' 1 + ^^' 1 + ^^ / ■ 

Ari Ari Ari Ari Ari ' 

Taking the semiclassical limit^, we obtain the following dependence of the energy on P and 



F2 = p2 + 35/3(vrr2/?iAr)'/3p+/', 
which is of the same type as (|4.27p . The semiclassical limit of the solution cr(r) is given by: 



Pg^ fl/2; -1/2, -1/2, -1/2; 3/2; 



11(3/ 



.a=l 



Ar 



1/2 

Ar Ar 



1/3 / vr^T2/fiAl 
I 9F 



- \ 2/3 



n(3/ 



3Z — wi ' 31 — 31 — ws 

1/2 3 



.a=l 



Ar'/' n 1 + 



a=l 



Ar \ V2 



xF^'M l;-l/2,-l/2,-l/2;3/2 



31 — Wo 
1 \ 



' 1 I 31— wi ' 1 I 31— W2 ' 1 I 3Z— 1»3 / 
Ar Ar ^ Ar / 



^In this limit Wa remain finite. 
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B.2 Sixth type of membrane embedding 

Let us take the following membrane configuration: 

X° = t = A°r, = A^r, = r(cj), 



V, = = Af ( 5 + , 0+ = At 6 + A+a, 



Ao T. 



It is similar to the case just considered, but the roles of the angles (p-^- and 0_ are interchanged. 
Although the exact classical expressions for the quantities we are interested in are different from 
those obtained for the previously considered embedding, one arrives at the same semiclassical 
behavior: 

B.3 Seventh type of membrane embedding 

Now, we consider membrane embedding, which corresponds to rotation in the plane given by 
the angle ip = ip, and wrapping along and 0_: 



A:° = t = Agr, X^ = A^T, X^ = r((T), 
^ = = A^r, 4)- = A-^5 + A^a, = 

The effective Lagrangian 1)3. 9|) now reads 



At(s,^. 



4/ 



(A^)^-Ag-(^) {AtfC' 



V = U = li, 

For the solutions of the equation r' = one obtains 



3^, fmax — fl — I 



1 + 



9hL 



> 3Z, 



r2 



1 + 



1 _ 9^0 

\ 16«2(A*)2 



<0, .g = (A0)2-A^. 



For the membrane solution (|3.17|) . we find the following explicit expression 

1/2 



a{r) 



rr 


\ Krrm 


J3I 


[ U{t) \ 



.1/2 



dt = 2A"r2/ii 



{At)' + (A^y 



^^0 



1 



nl/2 



21 {31 -w+) {31-W-) 



.1/2 



(n - 3/) (3/ - rs) 



X Ar^/^^^J') (^1/2- _i, _i, 1/2, 1/2, 1/2, -1/2, -1/2; 3/2 



D 

Ar Ar Ar 
^'~ir'~"6r'~3/ -rz' ri -3/'~3/ -'u;+'~3/ 



Ar 



Ar 



16(2 {A^)2 

L/2;3/2; 
Ar Ar 
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where w± are given by 



w± = I 



(A+)2 + (A-)2 
The normahzation condition H3.18() gives: 



(A+)2 - (A-)2 



3 + 



(Ar)' + (Ar)' 



1/2 



A'^ 



9^0 



nl/2 



16«2(A^)2 



2Z (3/ - w+) {31 - w. 
31 -r2 



1/2 



xFg*) (1/2; -1, -1, 1/2, 1/2, -1/2, -1/2; 1; 



Ari Ari Ari Ari 



Ari 



Ari 



2/ ' 4/ ' 6Z ' 3Z-r2' 31 - w+' 31 



11- 



(A+)2 + (Ar)2 



1/2 



^^0 



9.2 



X 1 + 



1 + 



X 1 + 



Ari 
An 



16«2(A^)2 
ArA 



4/ 



1/2 



1 + 



21 {31 - w+) {31 - w_) 
3i-r2 

ArA -1/2 



1/2 



3/-r2 



1 + 



61 

An 



3Z — w-^- 



1 + 



An \^/' 



3Z — w- 



xF^^^ (1/2; -1, -1, 1/2, 1/2, -1/2, -1/2; 1; 
1111 ] 



1 



1 1 _2l_ ' 1 I ' 1 , _6/_ ' 1 i 3i-r2 ' -I , 3^-10+ ' -, . 3l-w. 

^ An ^ An ^ An ^ An J- + An + 



1. 



In the case under consideration, the nontrivial conserved quantities are E, P and = 
using H3.14|) . we derive the following result for P^ 



P^ = TT^T2l 



(A+)2 + (Ar)^ 



1/2 



91-;^ 



nl/2 



16i2(A^) 



i'\2 



{2lf {31 - w+) {31 - w^) 



An^i)'^ ( 3/2; -1/2, 1/2, -1/2, -1/2; 2; 



3/-r2 
Ari ^'"i 



1/2 



Ari 



Ari 



6/ ' 3/ — r2 ' 3/ — w+ ' 31 — 



7r2r2Z?i 



(A+)2 + (Ar)^ 



1/2 ^ 



9"n 



16i2(A^)2 
1/2 



xAri 1 + 



xF^^) I 1/2; -1/2, 1/2, -1/2, -1/2; 2; 



Ari\ 



{2lf {31 - w+) {31 - w^) 



1 + 



ll/2 

Ari 



3Z-r2 



1/2 



3Z-r2 



-1/2 



1 + 



Ari 



3/ — Wj^ 
1 1 



1/2 



1 + 



Ari 



3/ — W- 



1/2 



1 



1 I 6f ' -I I 3<— r2 ' 1 I 3^—10+ ' -I I Zl—w- 
^ ^ An 1 An J- + ^7^" ^ + ^TT" 

Based on the above expressions, in the semiclassical limit, we obtain: 



Al 



^'=P'+ 7F Pi - V^2/?i)^/' (A^)^ + (AI 



-\2 



1/3 p4/3 
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This is the same type of semiclassical behavior as the one in ()4.34|) . For large conserved charges, 
the solution a{r) simplifies to 



1/2 



(A+)2 + (A-)2 {31 - w+) (31 - W-) 



1/2 



^^i/2^W / ^^2; -1, -1, 1/2, -1/2, -1/2; 3/2; 



Ar Ar Ar 



Ar 



Ar 



2/ 



4/ 



6/ ' 3/ — w+ ' 3Z 



167r2T2/3 
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Ari/2 ( 1 + 



Fj^^ { 1; -1,-1, 1/2, -1/2, -1/2; 3/2; 



1/2 



{Atr + iAiY l-" (31 - w+) (31 - w^) 



1/2 



Ar 



1 + 



Ar 
IT 



Ar\-i/V Ar \^/V - 



1/2 



1 



1 



1 



1 



1 _1_ 2i -I I 4t ' 1 I D( ' -I , 



4i 



6« 



Ar 



Ar 



B.4 Eighth type of membrane embedding 

Here, we investigate the following membrane configuration: 

= t = A[]r, = A^r, = r{a) 



= = Af (5 + At a, 



A+r. 



It describes membrane, rotating in the planes given by the angles (j)±, and wrapped along the 
coordinate ip = ip. In this case, the reduced Lagrangian (|3.9|) have the form: 



V = U = 1 



11 



K?-Al-{A-,fA'-{AtfB^ 



{A,fA^-{At?B^ 



By solving the equation r' = (see (|3.1fl|l ). one obtains 



(A^)^-(Ao)^ 
(Ao+)' + (Ao)^ 



1 2 



+ 



/2 



(A+)2 + (Ao )2] j 



Depending on the sign of (Aq')^ — (Ag )2 , we have the following three cases 



1- (A^)^ 



(Ac 



)2 = 



ri = /J3+ ° 



/2(Ao)2' 



^2 



2. (A^)^ 

ri = / 

r2 = - 



(Ao )^ > 

(A+)2 - (Ao-)2 
(A+)2 + (Ao)2 U 



1 + 3 



(A^)^ + (Aq-)- 
(A^)^ - (Aq-)^ 



P 



(A+)2 + (A^y 



(Kf - (Aq )^ 

(Ao+)2 + (Ao-)2 h 



1 + 3 



(A+)2 + (Aq 
(Ao+)^ - (Ao )^ 



1 + 



+ 1 



/2 



(A^)' + (Ao)2 
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3. (A+)2 - (Ao )2 < 



n = l 



r2 



(Aq )^ - (A+)^ 
(A^)^ + (Ao)2 1^ 

(Aq-)^ - (Ao+)^ 
(A+)2 + (Ao-)2 U 



1 + 3 



(Aq^)^ + (Aq 



1 + 



p 



(Ao+)2 + {A^y 



1 + 3 



(A+)2 + (Aq-)^ 
(A+)2 - (Ao )2 



1 + 



4.2 



/2 



(A^)' + (Ao)^ 



+ 1 



ri > 3/ = Tmin leads to Vq > P{Aq )2, so we can consider 



In all these cases, the condition Vma 
them simultaneously. 

For the present embedding, the membrane solution (|3.17|) has the form 



cr(r) 



/•r 




hi 


[ U{t) \ 



.1/2 



dt 

leAOTa/ii/Af 



,(2) I. . ,^ Ar 



and the normalization condition H3.18() reads 
32A0r2/ii/Af \ An 



^rF)^> 1; 1/2, 1/2; 2; 



Ar 



3Z — r2 ' ri — 3// ' 



-I 1/2 

(A+)2 + (Ao)2] 
32A0r2/ii/Af 



3(3Z - r2) 
Ari 



(A+)2 + (Ao)2]'/' 
32A0r2/iiZAf 



Ari 



1/2 



3(3/ - r2) 
Ari 



Fi 1,1/2; 3/2; 



(Ao+)' + 

32A°r2Zii/Af 
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3(3/ - r2) 



1/2 



1/2 / Ari 
1+ ^ 



3/ -r2 



3/ -r2 



^1/2 / 1 
2F1 1/2, 1/2; 3/2; 



1 + 



An 



31/2 



(A^)2 + (Ao )^ 



• M^3/-r2\-V2 
arcsm | 1 H ^ | = vr. 



According to ()3.14|) . the computation of the conserved momenta P± = P^^ gives 

/ Arf V" 



647rr2/fi/2AfA+ 



35/2 



(A^)^ + (Ao)2 



1/2 \^3/-r2y 

1/2 



F^') (2; -1,1/2; 5/2; 



Ari Ari 



64^r2/?i/2AfA+ / Arf 



35/2 



xF^,') (1/2; -1,1/2; 5/2; 



(A+)2 + (Ao )^ 



1/2 \^3/-r2; 

1 1 



1+^) ri+^ 

4/ A 3/ - r2 



4/ ' 3/-r2 

^1/2 



1 + 



4/ 

An 



1 



3Z— r2 
Ari - 



F_ 



327rT2/?i/3AfAo 
31/2 [(A+)2 + (Ao)2" 



1/2 V3Z 



An \V2 



?'2 
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xF^,') (1; -1,-1, 1/2; 3/2; 



Ari Ari Ari 



2/ ' 6/ ' 3/-r2 



327rr2/fi/=^AfAo 



An \V2 



31/2 ^(A+)2 + (A^-)2 
xFg^ (1/2; -1,-1, 1/2; 3/2 



1/2 \3i-r2 
1 



1 + 



Ari 



1 + 



Ari 



1 + 



Ari 
3Z-r2 



-1/2 



In the semiclassical limit ri — > 00, the above expressions for the normahzation condition and 
P± reduce to: 



31/2 [(A+)2 + (A-)2^'/' 



31/2 [(A+)2 + (Ao-)2 



1/2 



1, p± 



vl 



Combining these equahties with H4.9I) . one obtains the following relation between E, P and P±: 



^2 = p2 + (128/3)^/2 vr^Ta^fi/Af (p^ + p2 



1/2 



This is the same semiclassical behavior as in ()4.2U() . 

Finally, let us write down the semiclassical limit of the solution cj(r) for the present embed- 
ding. It is the simplest one, we have been able to obtain in this paper, and is given by: 



CTsclir) 



2\l/4 



ArF^^^ ( l;l/2, l/2;2;-— — ,— — 

(253)i/4(7r2r2/fi/Af )V2 D I ^ I ^ ^ An ' An 

(p2+p2)l/4 _ _ / 1/2, 1,1/2 ■ 



Ar Ar 



(253)i/4(7r2r2/fi/Af)i/2 

{Pl + Plf^ 

(253)l/4(^22^2/?i/Af)l/2 



Ar 3F2 



l'3/2;t^ 



/ Ar2^ 
Ar2Fi l/2,l/2;3/2;^ 



[Pi + PI 



.2U/4 



(253)l/4(7r2r2/3^/Af)l/2 

Obviously, it can be inverted to give 



Ari arcsin 



(An)' 



r,cK^^) = 3/ + (27/2) 



1/4. 



(Pi + P. 



2^l/4 



sm 



(8/3) 



l/2^2/?l/Af 



(Pl + P. 



2U/2 
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